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Abstract: McLean [ML] studied the deformations of compact special 
Lagrangian submanifolds, showing in particular that they come in smooth 
moduli spaces whose dimension depends only on the topology of the sub- 
manifold. In this article we study the analogous problem for non-compact, 
"asymptotically conical" SL submanifolds, with respect to various "bound- 
ary conditions at infinity" . 

1 Introduction 

In the context of Riemannian geometry, much research is directed to the 
study of minimal submanifolds. One of the questions that arises naturally 
in this field is the following. 

Question: Can a given minimal submanifold be "deformed" to get new 
examples? What parameters might be involved in these deformations? 

The naive approach is to parametrize these deformations as the zero-set 
of a "mean curvature operator" , then study them using the implicit function 
theorem. However, this entails a good understanding of the Jacobi operator 
of the initial submanifold E, which in general is not possible. 

The work of Oh and, more recently, of McLean (cfr. [Oh], [ML]) shows 
that, in the "right" geometric context, the problem simplifies and sometimes 
becomes tractable. We are thus lead to the study of minimal Lagrangian 
submanifolds in Kaehler-Einstein (KE) ambient spaces, and of special La- 
grangian (SL) submanifolds in Calabi-Yau (CY) manifolds: cfr. section [21 
for definitions and examples. 

In [ML], McLean shows that every "infinitesimal SL deformation" of a 
(smooth) compact SL submanifold is "integrable" ; i.e., it generates actual 
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SL deformations. A corollary of this is, in the compact case, that the set 

M(Ti) := {SL immersions £ w N} 

has a natural smooth structure. The dimension of this "moduli space" turns 
out to be related only to the topology of S. 

For at least two reasons, it is interesting to understand if similar results 
hold also for non-compact SL submanifolds. 

The first (perhaps simplistic) reason is that it is well-known that our 
basic "model" CY manifold, C n with its standard structures, does not admit 
compact minimal submanifolds. In particular, it cannot contain compact SL 
submanifolds. 

The second reason is more interesting. Moduli spaces of smooth, com- 
pact, SL submanifolds are not, in general, compact; it is however expected 
that they may be compactified by adding "boundaries" consisting of singular 
SLs. 

Linear algebra, based at any point p of a CY manifold N, shows that 
T p N, with all its structures, is isomorphic to C n . The simplest type of 
singularity of a SL submanifold is given by isolated points p whose "tangent 
space" in T p N is isomorphic to a SL cone in C n . The submanifold itself 
should locally be the limit of smooth "asymptotically conical" (AC) SL 
submanifolds. Understanding the class of AC SL submanifolds should thus 
be a fundamental element both in compactification and in desingularization 
procedures (such as gluing). 

McLean's result relies on the standard Hodge theory for compact man- 
ifolds. In the AC case, the basic tool is provided by the Fredholm theory 
of the Laplace operator, due to Nirenberg, Walker, Cantor, McOwen, Lock- 
hart, Melrose, Bartnik et al; cfr. in particular [NW], [MO], [B], [Ml], [M2]. 

The most complete set of results in this direction has been developed 
by R. Melrose. In section 01 we thus introduce asymptotically conical and 
asymptotically cylindrical manifolds using the language of sc- and b-geometry, 
following [Ml] and [M2]. 

In section^J still following [Ml], we present various results regarding 
intrinsic analysis on these manifolds (referring elsewhere for detailed proofs 
whenever the statements or techniques seem sufficiently well-known). In 
section 14. 2| we then focus on certain harmonic 1-forms, corresponding to 
the "infinitesimal AC SL deformations" : we prove a representation theorem 
and calculate the dimensions of these spaces, with respect to the two most 
interesting "rates of decay at infinity". 

In section we discuss the "AC" condition for submanifolds, showing 
how to preserve it under normal deformations. This requires a study of the 
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exponential map and Jacobi field estimates, which may be of independent 
interest in b-geometry. 

Section H3 presents the main result: as in the compact case, every in- 
finitesimal AC SL deformation is integrable; i.e., each such inf. deformation 
generates a 1-parameter family of SL submanifolds which, by the results 
of section |21 are also AC. The results from section 14.21 then show that the 
dimension of the space of deformations depends both on the topology and 
and on the analytic properties of (T,,g). 

We also discuss the role played by the curvature of the ambient space in 
the construction of spaces of deformations having different speeds of decay 
(eg: L 2 decay) at infinity. 

Note: Throughout the article, we will assume n > 2. 
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2 Minimal Lagrangian and special Lagrangian sub- 
manifolds 

Recall the following, standard, definitions. 

Definition 1 An immersion (ft : E > N of a manifold E into a Riemannian 
manifold (N,g) is "minimal" if the corresponding mean curvature vector 
field vanishes: = 0. 

An immersion 4> : E <— > N into a symplectic manifold (N,lj) is "isotropic" 
if (j)*u = 0; if dim E = n and dim N = 2n, isotropic submanifolds are called 
"Lagrangian" . 

Usually the normal bundle (TE) of a submanifold E C (N,g) is not an 
intrinsic object: it depends on the immersion and on the ambient space. 
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However, assume that the ambient manifold is a Kaehler manifold: (N 2n , J, g, u), 
where u(X, Y) := g(JX, Y) is the Kaehler 2-form. We will use the following 
notation: 

• K N := A n '°(N) is the canonical bundle of (N, J); 

• V and Ric are the Levi-Civita connection and the symmetric Ricci 
2-tensor associated to (N,g); 

• p(X,Y) := Ric(JX,Y) is the "Ricci 2-form". 

Definition 2 A Kaehler manifold (N, J,g,uj) is "Kaehler- Einstein" if Ric = 
c • g, for some c £ R; equivalently, if p = c • uj. 

If £ is Lagrangian and ./V is Kaehler, the (restriction of the) symplectic form 
gives an isomorphism 

(TE^-A 1 ^), V~v:=u(V,-) lE 

This shows that (TS)- 1 is actually independent of the ambient manifold N. 

We now want to introduce "Calabi-Yau" manifolds and "special La- 
grangian" submanifolds. 

Given a smooth section $7 of K^, recall that dQ = (d + d)Q = dCl, since 
dQe A n+1 '°(N) = 0. Thus tt is closed iff (I is holomorphic. 

Furthermore, VS1 = dfl = 0. 

Definition 3 A (differentiate) manifold N 2n is of "Calabi-Yau (CY) type" 
if it admits a Riemannian metric g with holonomy Hol(N,g) < SU(n;C); 
equivalently, if it admits a Kaehler structure (J,g,uj) and a (non-zero) sec- 
tion f2 of Kn such that Vf2 = 0. 

A choice of (J, g,uj,fl) defines a "Calabi-Yau structure". 

In particular, CY manifolds are KE manifolds with c = 0, i.e. Ric = 0. 

Since O is parallel, it depends only on some £l\p] and can thus be nor- 
malized in such a way that = 1. We will always assume this. Such an 
O is then unique up to a multiplicative factor 6 G S 1 . 

Given a CY manifold (N 2n , J,g,U), we will let a, (3 denote the real and 
imaginary parts of 17: Q = a + i(3. Notice that da = d(3 = 0. 

Definition 4 Let (N, il) be a CY manifold. An oriented, immersed sub- 
manifold (j) : T, n ^ N 2n is special Lagrangian (SL) iff 0| S = vols- 
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It is simple to prove (cfr. [HL]) that 

% = ± voh <P*lj = 0, <f>*p = 

In other words, up to a change of orientation, £ is SL iff (j)*uj = = (j)*/3. 
SL submanifolds are thus Lagrangian. 

Furthermore, CY manifolds and SL submanifolds are one of the basic 
examples of "calibrated geometry" (cfr. [HL]): in particular, it can easily be 
shown that special Lagrangians are minimal. 

The following, well-known, proposition states that, in CY manifolds, 
minimal Lagrangian and SL submanifolds are closely related. 

Proposition 1 Let (N, J, g, O) be a CY manifold and £ C N be an oriented 
Lagrangian submanifold. Then £ is minimal iff it is SL with respect to the 
CY structure 6 ■ U, for some 9 £ S 1 . 

Finding examples of SL submanifolds is not easy; one reason for this 
is that most examples of CY ambient spaces are provided by an abstract 
existence theorem due to Yau (cfr. [Y]). However, a few CY manifolds are 
known explicitly, allowing for explicit constructions of SL submanifolds. 

The basic example is C n ~ E? n with its standard structures J s tdi 9stdi ^std 
and Q s td '■= dz l A . . . A dz n . Many examples of SL submanifolds in C n are 
now known: cfr. eg [HL], [J2], [H], [G]. In particular, [H] shows how minimal 
Lagrangian submanifolds in CP n_1 give rise to families of SL submanifolds 
in C"; an appropriate choice of parametrization then shows that they are 
"asymptotically conical" in the sense of section 03 

A second example of an explicit CY is the following. 

Given any compact KE manifold (N 2n , Jn ,g^ ,ujn) such that = c ■ 
ujn, c > 0, Calabi (cfr. [C]) proved the existence of a complete Kaehler 
Ricci-flat metric on the canonical bundle Kn of N . Kn also has a natural 
global holomorphic volume form. With respect to these structures, Kn is 
an "asymptotically conical" CY manifold. Again, it is possible to show 
(cfr. [G], [P]) that minimal Lagrangian submanifolds S" C N 2n generate 
"asymptotically conical" SL submanifolds C K^ +2 : each S is a M-line 
bundle over S. 

3 Asymptotically conical and cylindrical manifolds 

In this section we want to introduce the basic objects of Melrose's "b- 
geometry". Cfr. [Ml] for further details. 
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Let X n be an oriented compact n-dimensional manifold with boundary 
dX and £ := X \ dX be its interior. We will use the following notation: 

2X := X\J dx (— X) (compact oriented manifold without boundary). 
C ao {X) := space of functions on X having a smooth extension on a 
neighborhood of X C 2X. 

TX := T(2X)\ X , T*X := T*(2X)\ X . 

If E is a bundle on X, A°(E) will denote the space of smooth sections 
and A®(E) those with compact support in S. 

Definition 5 x G C°°(X) zs a boundary- defining function if x > 0, dX = 
{x = 0}, / 0. 

Notice that if x' is a second boundary-defining function, then there exists 
a G C°°(X), nowhere zero, such that x' = ax. Fixing a boundary-defining 
function x gives a local trivialization of X near dX: X ~ [0, 1] x dX, where 
the function x corresponds to the coordinate x on [0, 1]. Now set: 

u b := {Z G A°(TX) : Z\ dx G T(&Y)}. 

^ sc : = x . Vb = {Z G A°(TX) : Z = xZ', Z' G v b }. 

Clearly, v sc is independent of the choice of boundary-defining function 

x. 

Taylor expansion shows that, locally near dX, v b =< xd x ,d y i >c oa (x) 
and v sc =< x 2 d x ,xd y i >c°°(x) where y % denote local coordinates on dX. 
Thus we have the following chain of spaces of vector fields: 

A°(TS) C v sc Qu b Q A°(TX) C A°(TS) 

It turns out that one can define vector bundles b TX and SC TX over X, of 
constant rank n, such that b TX^ ~ TS ~ SC TX| S and possessing differen- 
tiable structures such that u b = A°( b TX), v sc = A°( SC TX). 

Let b T*X, SC T*X be the corresponding dual bundles. Then, locally near 
d X, we may define: 

{^f^df} := the local basis of b T*X dual to {xd x ,d yi }. 
{ J? , ^} := the local basis of SC T*X dual to {x 2 ^, x^}. 

With these definitions, locally v* h := A°( b T*X) =< ^f,dy l > c ^{x) and 
v* sc := A°( SC T*X) =< % d 4- > caa(x) . Thus: 

A°(T*S) C A°(T*X) C v* h = x ■ v* sc C ^ s * c C A°(T*S) 
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The alternating products of b T*X, SC T* X lead to the spaces of b- and sc- 
differential forms, whose spaces of sections satisfy: 

A*(E) C A\X) C b h i (X) = x i ■ sc X l {X) C SC A*(X) C A*(E) 

In this case, we will use the same notation for both the bundles of i-forms 
and their sections. Finally, we set: 

Diff™(X) := space of linear operators P : C°°{X) — ► C°°{X) such 
that, locally, 

P = ^i+\I\<mPiA X >y)( X D x) %Dl y 

where pj,/ G C°°(X), D x = -y/-ld x , D yi = -y/-ld y i, I = (h, i n -i) is 
a multi-index, Dy = (D y i) n ...(Dyn-i) 1 ™- 1 and |/| = h + ... + i n -i- 

More generally, for any vector bundles E, F over X, we define: 

Difi™(E; F) := space of linear operators P : A°(E) — > A°(F) such that, 
locally, all components of P have the above form. 
Diff™(£) := Diff™(£;£). 

It may be useful to emphasize here that we are working in the category 
of manifolds with boundary. Thus, when checking that P G Diff™(£ ; ;i ? ) 
near the boundary, one must choose trivializations which hold up to the 
boundary (clearly, the classes Diff ™, Diff™ and Diff" 1 coincide on E). 

Analogously, we may define: 

Diff^(X) := space of linear operators P : C°°{X) — ► C°°{X) such 
that, locally and with pij G C°°(X), 

P = ^i+\i\<mPi,i(.x,y)(x 2 D x y(xDy) 1 

As above, we may also define Diff™(£;F), Diff™(£). 

Notice that, when one commutes operators, lower-order terms appear; 
eg, x{xd x ) = (xd x — I) x. However, it is easy to prove the following: 

Lemma 1 x s ■ Diff™ = Diff™ ■ x s ; x s ■ Diff™ = Diff™ ■ x s . 

Also: x™ • Diff a C Diff™, (the opposite inclusion is, in general, false). 

Consider, for example, the exterior derivative operator d acting on i- 
forms. Clearly, d G Diff 1 (A*E; A i+1 E) and d G Diff 1 (A i (X); A i+1 (X)). 
It is easy to show that also the following are true: 
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• de DiffJ^A'pO^A^pr)) 

• BiS 1 sc ( sc A i (X); sc A i+1 (X)) 

• x-Diffi( sc A*(X); sc A* +1 (X)) 

In particular, this shows that there exist d,d e Diff ^( sc A l A; SC A* +1 X) such 
that d = x ■ d = d ■ x. 

We now move on to define some particularly interesting categories of 
metrics on S. 

Definition 6 An "exact b-metric" on X is any metric gb on X sttc/i that, 
for some boundary- defining function x, gb = + h, where h denotes a 
symmetric 2-tensor on TX such that h\ dx ^ positive-definite on T(dX). 

The pair (X,gb) is an "asymptotically cylindrical manifold with link 
(dX,h\ d x)". 

A "scattering metric" on X is any metric g sc on £ such that, for some 
boundary- defining function x , g sc = ^pr + -^ where h has the same properties 
as above. 

The pair (X,g sc ) is a "scattering manifold with link (dX, h\Q X )"- 
More explicitly, an exact b-metric has the form 

g = — + cioodx 2 + aojdxdy^ + a^dy 1 dx + aijdy 1 dy 1 

where aoo,ooj = Ojo,flij = a-ji e C°°(A) and aij has the following property 
(with respect to its Taylor expansion in x = 0): 

aij(x, y) = gij(y) + x a,ij(x, y) where gij dy % dy 3 is a metric on dX 

Notice that, if g = ^(1 + xa) + h for some a e C°°(X), the change of 

variables £ := x + \x 2 , where 7 := a(0,y), gives g = + h'; i.e., such a g 
is an exact b-metric. 

The analogous fact does not hold for sc-metrics. Scattering metrics may 
thus be generalized as follows. 

Definition 7 An "asymptotically conical metric" on X is any metric g ac on 
£ such that, for some boundary- defining function x and some a e C°°{X), 
9ac = (1 + xa) + \, where h denotes a symmetric 2-tensor on TX such 
that h\Qx is positive- definite on T(dX). 

The pair (X, g ac ) is an "asymptotically conical manifold with link (dX, h\g X ) "■ 
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Clearly, the class of ac- metrics contains the class of sc- metrics as a subset; 
notice also that, if g is an ac-metric with respect to x, x 2 g is an exact b- 
metric. 

Fixing one of these three types of metrics implies restricting the choice 
of boundary-defining functions to those that allow the metric to be brought 
to the standard form seen in the definition. 

Notice that = {Z G A°(TX) : \\Z\\ gb is uniformly bounded on £}. 

Analogously, v sc = {Z G A°(TX) : \\Z\\ gac is uniformly bounded on £}. 

Lemma 2 Let (X, g) be an asymptotically conical manifold, with curvature 
tensor R and Levi-Civita connection V. Then: 

1. With respect to the basis {d x ,d y i}, 



where h lJ denotes the inverse matrix of hij and the notation "f G 
C°°x a " means: f = (f> ■ x a , for some <fi G C°°(X). 

• The Christoffel symbols have the following property: Y^- G C°° ; T?- G 
C°°x-T k ix G C 00 *- 1 ;^ G C°°x;T k xx G C^x' 1 ;^ G C 00 ^ 1 . 

• Let denote the Christoffel symbols with respect to the dual 
basis {dx,dy 1 }; i.e., V Q x dx = T xx dx + Y xx dy % , etc. Then 

V% = (V dyi dyi)(d yk ) = d yi [dyi{d yk )\ - df{V dyi d yk ) = -T\ k 

Likewise, % = -T\ x ,t% = -T j xk , etc. 

2. \\R\\ G C°°x 2 . 

3. Let X G v h . Then V x G Diff\{ sc TX) and V x G Diff\{ sc T* X) . 

Let X G v S c- Then Vx G x • Diff\{ sc TX) and Vx G x • Difj\( sc T* X) . 

Before moving onto the next section, it is probably worth-while making 
a few final remarks. 
Recall the following 
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Definition 8 Let S n be a connected, oriented manifold and M n be a 
(possibly not connected) compact oriented manifold. S is a "manifold with 
ends (with link M)" iffT, admits a decomposition S = So [j M Soo, where 

• So is a compact manifold with boundary <9(So) = M 

• Sqo is diffeomorphic to M x [a, b) 

and we are identifying <9(So) with M x {a}. 
Remarks: 

1. Let S be a manifold with ends. Then X := So [j M M x [a, b] is a 
compact manifold with boundary and S = X \ dX. Viceversa, given 
any compact manifold X with boundary, the local trivialization of X 
near dX given by a boundary-defining function shows that S := X\dX 
is a manifold with ends, with link M := dX. 

2. Notice that any two intervals [a, b), [a' , b') are diffeomorphic. The ends 
of S can thus be parametrized in countless ways. 

However, not all these diffeomorphisms extend smoothly up to the 
boundary. Different parametrizations of Sqo may thus lead to dif- 
ferent differentiable structures on the compactification X of S. When 
starting out with a manifold with ends, it is important to specify which 
compactification is being used. 

3. Let (X, g ac ) be asymptotically conical and let S be the corresponding 
manifold with ends. The diffeomorphism x G (0, 1] ~ r := ^ G [l,oo) 
induces a coordinate system on the ends of S: Soo ~ M x [1, oo). 

Notice that dr = — , d r = —x 2 d x so that 

d x , , h o o 7-» 

"^4~(l + xa ) + ^2 = " r + r 9M + R 

where gu '■= h\ T (Q X ),R := ^dx 2 + fe ~f M . This expression of the 
metric justifies the name "asymptotically conical". In particular, 

R(d r ,d r ) = R(x 2 d x ,x 2 d x ) = 0(r- 1 ) 
R(r~ 1 d yi ,r~ 1 d yJ ) = R(xd yi , xd yj ) = 0(r _1 ) 
R^dyi.dr) = -R(xd yt ,x 2 d x ) = 0(r- 1 ) 
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so ||i?|| = 0(r 1 ), where || • || is calculated with respect to the metric 
dr 2 + r 2 g M - 

The primary example of scattering manifold is (R n , g s td), compactified 
via stereographic projection to the half-sphere. See [M2] for details. 

It is simple to show that the standard symplectic structure oj s td on 
M 2n is an element of SC A 2 X. 

4. Let (X, + h) be asymptotically cylindrical and let £ be the corre- 
sponding manifold with ends. The diffeomorphism x G (0, 1] ~ r : = 
—logx G [0, oo) induces a coodinate system ~ M x [0, oo) with 
dr = = -xd x . Thus 

dx 2 , o 

— ^- + h = dr + gu + R 

x z 

where gu '■= ^|T(9X)) R := h — gu- This expression of the metric 
justifies the name "asymptotically cylindrical". 

5. It is interesting to compare these definitions of "asymptotically con- 
ical" and "asymptotically cylindrical" metrics with other definitions 
available in the literature. 

All of them require some form of decay of the "perturbation term" 
R, defined in remarks 3,4 above, and of its covariant derivatives; our 
definitions are however slightly stronger, as they require the tensor R 
(up to renormalization) to have a smooth extension up to dX. This 
allows for a much greater control of the metrics' consequent properties. 

Most of the properties relevant to this article would, however, continue 
to hold for weaker definitions (cfr. eg [MO]). 

4 The Laplace operator on asymptotically conical 
manifolds 

For any oriented Riemannian manifold (S n ,(/), we will use the following, 
standard, notation. 

* g : A l S — > A ra_l S denotes the usual Hodge-star operator. 
d* : A*S — > A l_1 S denotes the formal adjoint of d. 
A*E :=©A ! E. 
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As usual, d* g = * g d* g , so d* G DifF 1 (A i S; A i_1 S). 

Let X denote an oriented compact manifold with boundary and X := 
X\dX. For any fixed b-metric on X, with volume form volb, we may define: 

L 2 (X) : = {/ G L 2 oc (£) such that ||/|| b := {^f 2 vol b fl 2 < oo}. 
P b m pO := {/ G Lf oc (S) : P / G L 2 (X), VP G Diff-(X)} (m > 0). 
II/IU.6 == (^ + |/|< m ||(xO a; )^/||2) 1 /2 defines a norm on 

More generally, if P is a metric vector bundle over X, we may define: 

L 2 b (E) : = {/ G lf oc (%) ™ch that J s |/| 2 ^ b < oo}. 

flT(^) : = {/ G L L(%) :Pf€ L 2 (P), VP G Diff™(P)} (m > 0). 

Finally, for 5 G R, we define "weighted Sobolev spaces" as follows: 
x 5 HI" : = {/ G LL : / = A 1?1 e P b m }- 

||/||<Sm6 : = Ik~ 5 /||m6 defines a norm on x s H™, making it isometric to 

Analogously, if we endow X with a fixed ac-metric, we may define L 2 C , 
K™ and x s H™, spaces of functions and sections, using the induced volume 
form vol ac and operators P G Diff™. 

Since A*(A)| S = b A*(A)| S = SC A*(A)| E = A*(E), when P is one of these 
bundles one can use the notation fTf (A i ),ff* c (A i ). In this case, however, it 
is important to specify which metric is being used on the bundle. 

All the above are Hilbert spaces and contain the space A°(Pi s ) as a dense 
subset. Both ac- and b-metrics have the right properties (bounded curvature 
and positive injectivity radius) for the standard Sobolev immersion theorems 
to hold: cfr. [A]. For example, if / G x 5 H^(X) (k > |), then x~ s f is 
continuous and bounded, so / = 0(x s ). 

Notice that, for any constant c G R, 

c G x s L 2 b {X) «i 4 £L^ f x- 2b - x dx < oo <=> 5 < 

Jo 

Notice also that, if g b = x 2 g ac , then vol b = x n vol ac , so that L 2 C = X2 L 2 . 

It is a simple consequence of the definitions that any P G Diff™ has 
a continuous extension P : H^ +m — ► H$. The analogous fact holds for 
P G Diff™. The fact that DiS™x s = x 5 Diff™ shows however that, for b- 
metrics (and analogously for ac-metrics), a continuous extension exists also 
between weighted Sobolev spaces: 



12 



Lemma 3 Let P G Diff™(E). Then, V<5 G R,V/c > 0, P /las a continuous 
extension P : x 5 H* +m (E) — ► x & H*(E). 

Analogously, let P G Difff c (E). Then V<5 G R, V/c > 0, P /ias a continu- 
ous extension P : x s H^ m (E) — ► x s H* c (E). 

Proof: Consider, for example, P G Diff™. Then 

\\Pf\kk,b = \\x- 5 Pf\\ k ,b = \\P(x- s f)\\ k , b < C\\x- s f\\ k+m , b = C\\f\\s, k +m,b 
for some P G Diff b n , C > 0. 



Analogously to the compact case, there is a well-developed theory of b- and 
sc-elliptic operators. We will only need the former. 

Definition 9 Let P G Diff™(X), P = X i+mmPiJ (x, y)(x £>*)*£>£. 
P is b-elliptic iff 

a m (P)^,ri) := ^ i+ \ I \ =mP i,i(x, y)C r? + 0, V(x,y) G X,V(Z,r}) + 

It turns out that the properties of a b-elliptic operator P are strongly related 
to P\qx- We need the following definition: 

Definition 10 Let P G Diff™(X) be b-elliptic. 

For A G C, let P(A) : C°°{dX) — ► C°°{dX) denote the operator lo- 
cally given by P(A) := ^i+\i\<mPi,i(0, y)X l Dy. This is called the "indicial 
operator" associated to P. 

Let spec(P) := {A G C : P(A) is not invertible on C OD (dX)}. 

The above definitions generalize to P G Diff™(P;P). 

In [Ml], Melrose constructs a class of pseudo-differential operators which 
lead to the following result: 

Theorem 1 Let P G Diff™(E;F) be b-elliptic. Then 

1. P : x s H* +m {E) — ► x s H^(F) is Fredholm iff 5 $ -lmspec(P) 

2. ue x s H^ +m {E), Pu G x 5 H^ +1 (F) 4m£ x s Hj; +m+1 {E) 
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The set —Tm spec(P) C R turns out to be discrete. We call these the 
"exceptional weights (of P)". Given a non-exceptional weight 5 6 R, [<5]p 
will denote the connected component of R \ —Zm spec(P) containing 5. 

Having laid out the relevant foundations, we may now focus on the spe- 
cific operators that will be important further on in this paper. 

Let us thus fix an asymptotically conical manifold (T, n ,g). Let (X, g) be 
its "scattering compactification" . 

Since SC A*X is generated by forms of length 1, the definition of * g 
shows that * g ( sc A l X) C sc A n ~ l X. Thus d* restricts to an operator in 
Diff^A'X;^- 1 ^). Actually, if we set 5 := * 9 d* g and 

S : = * g d* g , we find that 

d * g = x .~5 = ^. x£x . Diff £( SC M; ^A^X) C Diff l c 
We now define: 

D g :=ded* g e Diff l c ( sc A*X; SC A*X). 

A g := Dgo D g = dd* g + d* g d G Diff 2 sc { sc A i X; sc A i X). 

Clearly, D g ,A g are the restrictions to SC A*X of the usual operators de- 
fined on A*S. 

Lemma 4 (cfr. [M2]) Let (£,<?) be asymptotically conical. Then 

1. A g = x ■ (d(B 5) o (d © 5) ■ x e x 2 ■ DiffK^X; SC A^). 

2. On functions, one finds the following expressions: 

• A g = x 2 A M + V=lx(n - l)x 2 D x + (x 2 D x )(x 2 D x ) + x 3 Diff 2 

• (d®8)o(d®5) = A M + {xD x )(xD x ) + yf^ln{xD x ) + l-n+xDiffl 

In particular, the operator [d © 5) o © 5) is b-elliptic: for example, on 
C°°(X), the previous lemma shows that 

a 2 ((d®5) o (d®s))^v) = e+givw =e + \V\ 2 

We now introduce one last piece of notation: given an asymptotically 
conical manifold (X,<7), we let H^(A t ,sc) denote the Sobolev spaces defined 
above, with respect to the following choices: 

• on A*S we use the metric induced by the ac-metric g; 
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• the volume form on £ is the one given by the b-metric x 2 g. 

The following result shows that these are the correct spaces in which to 
study A g , D g . 

Corollary 1 Let (£,<7) be an asymptotically conical manifold. Then 

1. A g : x s H^ +2 (A\ sc) — ► x s+2 H%(k\ sc) (k > 0) 

is Fredholm, except for a discrete set of "exceptional weights". 

2. D g : x s H^ +1 (A*,sc) — ► x s+1 Hj;(A* ,sc) (k > 1) 

is Fredholm, except for a discrete set of "exceptional weights". 

3. All elements in Ker(A g ), Ker(D g ) are smooth. 
Proof: Consider A g = x ■ (d © S) o (d © 5) ■ x : 

x s H^ +2 (A*,sc) — ► x s+1 H* +2 (A*,8c) — ► x s+1 Hj°(A*, 8C ) — ► x 5+2 H% (A* , sc) 

Since multiplication by x is an isometry, by the previous theorem we see 
that A g is Fredholm, except for a discrete set of weights. 

Since D g = x(d © 6) = (d®S)x, this shows that D g : x 5 H* +2 — ► 
x 8+i H k+i satisfies dim Ker(Dg) < oo and that D g : x 5+l H% +l — ► x 5+2 Hj; 
has closed image and finite-dimensional cokernel. Thus D g is Fredholm if 
5,5 — 1 are non-exceptional for A g . 

Finally, to prove (3) notice that, by the above theorem, Ker(A g ) C 
f] m>2 x s Hl n . Applying the standard Sobolev immersion theorems to H™, 
we get smoothness for the elements of Ker(A g ); (3) then follows from 
Ker(Dg) C Ker(A g ). 

□ 

We may thus define: 

:= ^er(A fl ), where A g : x 5 H^ +2 {A 1 , sc) — ► x s+2 H^(A i , sc) 
/Cj(E) := Ker(Dg), where L> 9 : x 5 F fe fc+1 (A\ sc) — ► x s+1 H^(A*, sc) 

From the corollary, we see that these spaces are independent of k. When 
A g and D g are Fredholm, they have Fredholm indices i a 9 s and s . The 
following lemma investigates the dependence of these spaces and indices on 
5. 
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Lemma 5 Let (£,<?) be an asymptotically conical manifold. Then 

1. lAgg andTL\(Y,) depend only on [5]a- 

2. iD gS and IC l s (T,) depend only on [5]d- 

The proof is based on the invariance of the Fredholm index of curves of 
Fredholm operators. 

4.1 A g on functions 

When studying A g on functions, one gets extra information thanks to the 
elliptic maximum principle. 

Proposition 2 Let (E,g) be an asymptotically conical manifold. 

Consider A g : x s Hj; +2 (Z) — ► x s+2 H^(E), for 5 non- exceptional. Then: 

1. 5 > =► H° 5 = 0. Thus: 

• A g is injective. 

• d : x s H* +2 {Y,) — ► x s+1 H^ +1 (A 1 ,sc) is injective. 

2. 5 < n - 2 Coker(Ag) = 0. Thus: 

• Ag is surjective. 

• d* g : x s H^ +1 (A 1 ,sc) — > x s+1 H>;(E) is surjective for 5 < n - 1 
non- exceptional. 

3. Dim Hg(T,) is independent of the particular choice of asymptotically 
conical metric on S (with respect to a fixed link (M,gM))- 

The proof is based on the elliptic maximum principle and the self-adjointness 
of A g on C£°(E). Cfr. [CZ] for similar statements and techniques. Notice 
that, in particular, A g is an isomorphism for < 5 < n — 2. 
The above proposition has an interesting consequence: 

Lemma 6 ("gluing principle for harmonic functions" ) Let (£, g) be asymp- 
totically conical. For 5 < n — 2, let f be a smooth function in x 5 # b fe (£) such 
that Agf^i^ = 0. 

Then there exists a unique F G x s H^(Y l ) such that \F(x) — f(x)\ — > 
(as x — > 0) and A g F = 0. 
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Proof: Since A g f is smooth and has compact support, it is clear that, 

v??eiR,Vs>o, Aj/ei^fs). 

Fix any r] : max{0, 5} < rj < n - 2. Since A g : x v H^ +2 — ► x v+2 H^ is 
surjective, there exists / G x v H^ +2 : A g f = A g f. In particular, / G x s H^ +2 . 
Choosing s large enough, we get \ f\ = 0(x v ), so / — > 0. 

It is now enough to set F := f — f. Uniqueness is a consequence of the 
elliptic maximum principle. 

□ 

In other words, any collection of harmonic functions (eg: constants) on 
may, up to a slight perturbation, be "glued together" to get a harmonic 
function on £ with the same asymptotic behaviour. 

Going a step further, [Ml] provides a complete asymptotic expansion 
of the harmonic functions on any asymptotically conical (£, g) in terms 
of the metric on the link. In particular, Christiansen and Zworski ([CZ]) 
show how this can be used to relate the harmonic functions on (£, g) to the 
eigenfunctions on the link. We may summarize their results as follows. 

• Recall that, on (M™ _1 x (l,oo),# := dr 2 + r 2 g M ), 

^ = ^r- n -^d r -d 2 

Let / G C°° (M 71 ' 1 ) be any eigenfunction of A gM , relative to any eigen- 
value Aj. Then it is easy to check that the function j ' r a% is harmonic 

on M x (1, oo), where a { := v v 2 ; -. 

Notice that, when (M, gj^) = (S" 1-1 , g s td), these harmonic functions 
on K" \ B are exactly the homogeneous harmonic polynomials. 

• If (£,<?) has link (M,</m)j these functions are "asymptotic models" 
for the harmonic functions (with polynomial growth) on S, in the 
following sense: given any / G 7Y°(£), on each end / converges to a 
linear combination of the above. 

• Viceversa, assigning an "asymptotic model" to each end determines a 
unique / G with that asymptotic behaviour. 

This allows us to express dim in terms of the number of ends and 
the dimension of the space of eigenfunctions on the components (Mj , #Mj ) 
of the link (M,g M )- 

In particular, we will be interested in the following conclusion. 
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Definition 11 We say that a harmonic function f has "strictly sub-linear 
growth" if it is asymptotic to a linear combination of models fir ai with < 
dj < 1 and at least one a% > 0. In other words, if there exist 5 > — 1, e > 
such that f G Wg(E), f £ W° £ (£). 

Corollary 2 Let (£,<7) be asymptotically conical. 

Then there exist harmonic functions with strictly sub-linear growth iff at 
least one end has an eigenvalue in the interval (0, n — 1). 

Proof: Notice that 0<aj<l44>0<Aj<n — 1. We may use any 
asymptotic model of the type T,^jCj + fir a \ where Cj G R. 

□ 

4.2 D g on 1-forms 

We are now going to calculate dim K\ =dim Ker(D g ), where D g is acting 
on weighted 1-forms, in two cases of particular interest. 

In this section, i will denote the canonical map % : H^(T,) — ► 

We start with the following 

Lemma 7 Let (£,<?) be asymptotically conical. 
For any e > 0, there exists an injective map 

which is independent of e. With respect to any 5 £ [l,n — 1), it has the 
following property: 

q([a}) G K\<* [a] G i(Hl) 

Proof: Begin by considering any [a] G We first show that it has a 

representative in K\_ e . 
Recall the isomorphism 

iJ^M) ~ H\M x [l,oo)) 

IM ~ [Poo] 

where /3oo is defined by /?oo[a>, r] := @m[v]- We call such a form "translation- 
invariant" . 
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Applying this to [a^] G H 1 (M x [1, oo)) gives a 1-form ojk on M and 
a translation-invariant 1-form on M x [l,oo) such that [aioo] = [ a |Eoo]- 
In other words, 

"ISoo = «oo +d(foo) 

for some /oo G C°°(£oo) and some translation- invariant aoo- 

We may now extend /oo to a function / G C°°(S); this gives an extension 

of to a global 1-form a on S, defined asa:=a-d/. 
The form a has the following properties: 

• da = 0: this is clear. 

• [a] = [a]: this is clear. 

• d G x v H^(A 1 , sc), Vr/ < 1: locally near dX, a = bi(y)dy l = xbi(y)^-. 
Since xb^y) G C°°(X), this shows that a G SC A 1 (X). 

By definition, d G x v H^ 44> Hx^dHi^ < oo. Recall: 



X 



It is now enough to examine these terms one by one, to get the result. 
For example: 

||x -7? Q:||{j = f \\x~ r, a\\a C volb < c\ + C2 f lla: - ^ 1 — x~ x dx 
Jt, Jo x 

< Cl + c 3 f x - 2r,+1 dx 



so \\x v a\\b < oo for r] < 1. 

For 5 > 1, a G ^^(A 1 , sc) 44> d G A£(£): this should be clear from 
the above. 



Consider now, for r] < n — 1, the sequence: 

x v-i H 2 (s) x" +1 L 6 2 (S) 

By surjectivity, setting r/ = 1 — e, there exists a function fc G x' e H^ : A g fe = 
d*a. Since A is not injective, the choice of k is not canonical; however, k is 
unique up to Ker(A) and this is independent of e, so k also is. Notice now 
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that a — dk G JC\_ e and that [a — dk] = [a]. When a G A^(S), we can act 
in a similar way, choosing however k with respect to 77 G [1, n — 1). 

The above process thus shows how to build the required linear map q, 
defined by (/([a]) := a — dk. To show that q is injective, let [ai], [a p ] be 
a basis of Assume 3Aj 6l:^ Aj(5j — dki) = 0. Then 

^ Ai[aj] = ^ Ajfttj - dfcj] = 

so Ai = 0. 

□ 



For all T] € R, let E 1 ^ := {exact 1-forms in /C*}. 

Lemma 8 

L Fcrr / <1 ; = d^^). 

in particular, dim E v =dim — 1. 

2. For e > (sufficiently small) and 1 — e<8<n — \, E$ = d(H°_ e ). 
In particular, dim E$ = s — 1, where s is the number of ends of E. 

Proof: It is clear that, if / G then d/ G Viceversa, assume 

d/ G E^. Then A g / = 0, so the asymptotic expansion of / shows that 

The proof of (2) is similar: by the "gluing principle", if / G HP^ e , then 
/ = c + /, where c is a function constant on each end and / G x n ~ 2 ~ e H£. 
Thus d/ G £„_i_ e ~ C E s . Viceversa, if df G £5, then / G d(H°_ e ). 

Notice that, in calculating dim E v (V77 G R), one must take into account 
the fact that any c G R is a harmonic function but d(c) = 0, so it does not 
contribute to E v . 

□ 

We now have a good picture of the structure of /C|(S): 
Proposition 3 

L /orr / <l, /Cj, = ^©g(F 1 (S)) 
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2. for 6 G [1, n - 1), K\=E 5 ® q(i(H^))) 
Proof: It is clear from the definitions of q and E v that E v f) q^H 1 (Y,)) = 

!"}• 

Let H v be any subspace of /C* containing such that JC^ = 

© H^. 

The map H v — > iT^E), a i-> [a] is clearly injective. Thus dim ^ <dim 
^(S). Since dim tf^E) =dim q^fl^E)), we get 2^ < ^(^(E)), hence 
the equality. 

To prove (2), notice that 

Any a G K,\ may be written as a = d f + a' where d f G E±- e , a' = q([oi\) G 
fC\_ e . Recall that, for small e > 0, £a-e = ^<5- Thus df G which implies 
that q' G /C] and thus [a] G i (#,}). This proves that /C£ < E s © q{i{Hl)). 

□ 

We will be particularly interested in the following conclusion: 
Corollary 3 Let (£,<?) be asymptotically conical. Then 

1. dim K\ =dim H 1 ('S)+dim H°_ 1+t - 1. 

27ns is the dimension of the space of all 1- forms a G Ker(D g ) : \\a\\ g 
decays. 

2. V5G (l,n-l) ; dimK\ =dimh T \(^). 

In particular, this shows that the space Ker(D g ^ L 2^i^) = KX of closed 
and co-closed 1-forms in L 2 has dimension H^(T,). 

Proof: (1) follows directly from the above. 

To prove (2), notice that the previous proposition shows that 

dim K\ = dim i{H]) + s - 1 

where s is the number of ends of E. 

Let M be the link of E = So \J M Eoo. The long exact sequence 

tf°(E ) > ^°(S ) > H°(M) ► ^(Eq) — U ^(Sq) 

R R s H^T,) i? 1 (E) 

now shows that iJ* ~ © 
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□ 



5 Deformations of asymptotically conical subman- 
ifolds 

Having developed the theory of asymptotically conical manifolds, we now 
turn to studying submanifolds. The goal of this section is to present a notion 
of immersion in the category of manifolds with boundary and to study the 
stability of this condition under deformations. For the purposes of section 
IH1 the main result is corollary 0J which shows that asymptotically conical 
submanifolds remain asymptotically conical under "deformations which keep 
infinity fixed" . 

X, X' will denote compact manifolds with boundary. 

£ := X \ dX, N := X' \ dX' will be their interior. 

Definition 12 An immersion <p : X — > X' is a "b-immersion" if 

1. <f>(dX) C dX' 

2. Vp G dX, consider d(p[p] : T p X — > T^^X' and, using condition (1), 
the quotient map 

#[p] : T p X/T p dX — > T m X'lT m dX' 

The condition is that this quotient map be injective. 

Let (ft '■ X — ► X' be a b-immersion. Let re be a boundary-defining 
function for X', p £ dX and V £ T p X : V ^ T p dX. Then, by hypothesis, 

d(x o <j))\p](V) = dx[<f>(p)]d<t>\p](V) / 

so x o (p is a boundary-defining function for X. From now on, we will often 
identify X with its image in X' , omitting <f> from the notation. 
Clearly, b TX < b TX' and SC TX < SC TX'. We may define: 

u b (X,X') :={Z\ X :Zeu b (X')} 
u sc (X,X') :={Z lx : Z e v sc (X')} 

Notice that 
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v b (X) = {Z G u b {X, X') : Z G b TX} 
^ SC (X) = {Z G ^ SC (X, X') : Z € SC TX} 

Remark: Analogously to the standard Riemannian case, any b-metric 
on X' can be seen as a smooth section of a symmetric product of the bundle 
b T*X' . It thus restricts to a b-metric on X. Regarding sc- and ac-metrics, 
pointwise there is no difference between them: both come from global sec- 
tions of the same symmetric product of SC T* X' '. The difference arises from 
the section itself, i.e. from its Taylor expansion at the boundary. Thus, 
depending on the immersion, a sc-metric on X' may restrict to either a sc- 
or a ac- metric on X. 

Let us fix an asymptotically conical manifold (X',g). From now on, 
V,R,exp will denote, respectively, the Levi-Civita connection, curvature 
tensor and exponential map of (N,g). If <fi is a b-immersion and p G X, we 
will let _L, T denote the normal and tangential components of any V 6 T p X' 
with respect to T p X. 

We now want to deform £ C N, using the exponential map of N. In 
particular, we now want to prove that, for any V G v sc (X'), expV o <fi : 
X — ► X' is also a b-immersion. The main difficulty lies in the fact that, 
since g "blows up" on dX' , expV is, a priori, defined only on N. We thus 
need the following 

Proposition 4 Let (X',g) be an asymptotically conical manifold. 

1. Let V £ Vb(X'). Then expV : N — ► N has a smooth extension 
expV :X' — >X' such that expV{dX') C dX' . 

2. Let V G u sc {X'). Then the extension of expV satisfies expV\Qx' = id 
and is an immersion on dX' . 

3. Let || • denote the norm on H^(TX',sc). Then 35 > : W G 
i> sc {X'), ||T^||i,b < 6, expV : X' — ► X' is an immersion. 

4- Let V G v sc (X'). Then expV*(v sc ) C v sc . 
Proof: Let x, y 1 , . . . , y N be coordinates on X' and let V = V x xd x +V l d y i G 
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Ub(X'). Consider the system of ODE's 

' c x + c :E (S)( 7 )c^- + r : ;: ( c-jrv + T%.('y)&c B + ixr l% )i " /) c x c x = 
< c k + I*.( 7 )c^ + ^|^^ + M|Mc^ + = 

c(0) = (l,y ) 
^ c(0) = {V x [x ,y ],V 1 [x ,y ],...,V N [x ,y ]) 

where: 

• c x (s), (^(s), ... j cr^s) are the unknown functions; 

• are the Christoffel symbols of 5 with respect to {d x , d y i}; 

• 7(a) := (x c r {s),c 1 {s),...,c N {s)); 

• the system depends on the parameters (xo,yo) G [0, 1] x <9X'. 

By lemmal^l all coefficients in the system are smooth (except when c x = 0); 
so, with our initial conditions, there exists a unique solution c(s) and it is 
smooth with respect to s,xo,yo- Thus 7(5) is well-defined for all (xo,yo) 
and is smooth. 

r?. r :c (7) 

Notice that, for example, (-^7(7) = • Thus, multiplying the first 
equation by xq {xq 7^ 0), the system can be re- written in terms of 7, showing 
that 7(5) is the geodesic of (N,g) with initial conditions 

7(0) = (20, yo), 7(0) = (x V x [x , y ], V 1 [s , yo],-. .,V N [x ,y ]) = V[x ,y ) 

This shows that the geodesies generated by any b-vector field, a priori de- 
fined only on N, extend smoothly, as curves, to dX' . Since N is complete, 
it also shows, for xq / 0, that c(s) is defined Vs G R and that c(s) C JV, 
since this is true for 7(5). 

On the other hand, notice that, for initial conditions (0, yo) G dX', the 
corresponding curve 7(5) is completely contained in dX' . This proves (1). 

Now assume V G i> sc (X'). Then, for xq = 0, c(0) = 0. Thus c(s) = 
(l,yo) is the solution, so 7(5) = (0, yo)- This proves that, when V G v sc , 
exp V\qx' = id. 

Let p G dX' . Since d(expV)\p]\x qx' = id, to finish proving (2) it 
remains only to prove that d(expV)\p](d x ) has a component in the d x - 
direction. 

In general, let p G N and Z G T p X'. Let c(£) be a curve in N : c(0) = 
p, c(0) = Z. Let £ 1— ► 7(£, s) denote the 1-parameter family of geodesies 
defined by 7 (£,0) = c(£), = V[c{t)\. 
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Let J(s) be the Jacobi vector field solution of 

V S V S J (a) + R(J(s), 7)7 = 0, J(0) = Z{p), V s J(0) = V z V(p) 
where 7 := Jj7(0, s). Notice that 
. | 7 (0,0) = Z(p) 

• V s | 7 (0,0) = V s V t7 (0,0) = V t V s7 (0,0) = v t ^ 7 (o,o) = V z V(p) 

• V s V s | 7 (0, a) = V.V t £ 7(0, -) = V ( V S | 7 + 7, fry)*7 = 

= -i?(f 7 (0,s),7)7 

This proves that J(s) = Jr 7 (f, s)u =0 . Thus, in general, expV* can be ex- 
pressed in terms of Jacobi vector fields: 

expV*Z = expV*(— 7 (0,0)) = - 7 (0, 1) = J(l) 

Now, for example, let Z = x 2 d x . Using the following lemma, we find that 

J(s) = Z(p) + sVzVip) + Qia), \\Q(s)\\ = 0{x 2 ) 

where Z(p),V zV(p) are extended along 7 by parallel transport. Again, we 
have to prove that this formula has meaning up to dX' . 

Since expV : X' — * X' is smooth, J(l) has a smooth extension up to 
dX'. Notice also that Z, VzV have smooth extensions up to dX' (using 
lemma EJ). 

Recall that the parallel transport of, for example, Z along 7 is defined 

by 

V s Z(s) = 0, Z(0) = Z[x ,y ] 
Writing Z = Z x d x + Z i d y i, we find 

V s Z(s) = Z x d x + Z% + Z x r(Vd x d x )(l) + Z x 7 k (Va yk d x )(j) 
+z i r{v dx d^){ 1 ) + Z^ k (V dyk d y >)( 7 ) 

A proof similar to the one above shows that parallel transport extends 
smoothly up to the boundary, so Q(l) is also smooth up to dX' . 

Writing Q(l) = ad x + bid y % = -^i{x 2 d x ) + ^(xd y i), the estimate on 
||Q(1)|| shows that 4, = 0(x 2 ), §■ = 0(x 2 ). A Taylor expansion of a, 6, 
based at p S dX' thus shows that Q(l) £ x 2 ■ u sc , so 

exp V*(Z) = Z + x ■ u sc + x 2 ■ u sc 
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Finally: 



exp V* (x 2 d x ) x 2 d x + x 2 • z/j, + x 2 ■ v. 



exp V*(dj;J = 5 = t, = o x + v b + u sc 

x A x z 

which concludes the proof of (2). 

Notice that, in a similar way, one can study the case Z = xd y i, showing 
that expV*(v sc ) C v sc . This proves (4). 

To prove (3), we start from the formula 

expV*{d x )=d x + ^^ + ^- 
From the above, we see that we may write 

Y^L = a (xd x ) + hd yi , = c {x 2 d x ) + di(xd yi ) 

Since V xdx G Diff J, we find a < ||^^|| b = \\V xdx V\\ ac < \\V\\ lfi . 

Analogously, one can deduce from lemma|5]that ||Q(l)|| a c < £ 2 ||V||i,&j 

SOC< \\^\\ac< \\V\\ 1)b . 

In other words, a || • Hi^-bound yields bounds on a, c which are indepen- 
dent of the particular V . This proves that there exists a neighborhood U of 
dX', independent of V, such that expV*(d x ) has a non-zero component in 
the <9 x -direction. 

In a similar way, one can study expV*(d y i). The end result is that any 
II ' 111 &-bound gives a neighborhood U of dX' , independent of V, such that 
expV is an immersion on U. 

Since the complement K of U in X' is compact, there exists 5 > such 
that ||V||oc — $ implies that expV is an immersion on K. This proves that, 
for any V such that ||V||i6 < 5, expV is an immersion on X' . 

□ 



Corollary 4 Let (X',g) be an asymptotically conical manifold and let <j) : 
X — * X' be a b-immersion, so that (X, 4>*g) is asymptotically conical. 

Let || • Hi^ denote the norm on H^(TX' , sc). Then 35 > : VV € 
v sc (X'), ||V||i j < 5, exp V o (ft is a b-immersion and thus also induces an 
asymptotically conical metric on X. 
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Remark: More generally, if we let vi :SC (X') denote the C 1 -analogue of 
v sc (X'), the same methods show that 

V G vx jSC (X ), ||V||i6 < 8 expV is a C 1 -immersion up to dX' 

Thus, if 4> '■ X — > X' is a b-immersion, exp V o is a (7 1 b-immersion. 

The following lemma, used in the proof of the preceding proposition, 
provides an estimate on certain Jacobi vector fields, with explicit dependence 
on 

Lemma 9 Assume given the following data: 

• (X',g) asymptotically conical, a boundary- defining function x andV G 
Vsc{X'). ' 

• An estimate on the curvature tensor 

\\R(x,0\\ < P 2 (x) < cx 2 

where p(x) is strictly positive for x > and is independent of ^ G dX' . 
Notice that, by lemma\^ such an estimate always exists. 

• <j) : X — ► X' a b-immersion, y G dX and Z G u sc {X) such that Z is 
non-zero along the curve (x,y) C S. 

Let J(s) denote the Jacobi vector field (depending on the parameter x) 
solution to 

V s V s J(s) + R(J(s), 7)7 = 0, J(0) = Z[x, y], V s J(0) = V z V[x, y] 

where x t— > j(x,s) denotes the curve of geodesies defined (Vs G by 
j(x, 0) = (x,y), J^j(x,0) = V[x,y] and with the notation 7 := ^7- 

J(s) = Z[x,y] + sV^[x,y] + Q(s) (s < 1) 

where Z,S/ Z V are extended along j(s) by parallel transport and \\Q{s)\\ = 
0{p{x)x). 

Proof: Since ||22(J(s),<y)7|| < ||i?|| • \\J{s)\\ ■ \\V\\ 2 < cx 2 \\J(s)\\ ■ \\V\\ 2 , 
intuitively we expect J(s) — > A(s), where A(s) is the solution of the equation 

V,V s ,4(s) = 0, A(0) = Z[x,y], V s A(0) = V z V[x,y} 
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The proof can be divided in several steps and partially follows [J] (theorem 
4.5.2) and [BK] (lemma 6.3.7). 

For simplicity, we will assume ||V|| < 1, c < 1. 

Step 1 Assume g(s) is a C 2 function which, for some fixed rj G K, 
satisfies 

9 + V9<0, 0(0) = #0) =0 

Then 

• if ?? < 0: #(s) < 0, Vs > 

• if 77 > 0: <?(*)< 0, 0<s<^ 
Proof: Set 

-^sin(y/rjs) rj > 

/^(s) := < s ^ 77 = 

-j=sinh(y/—r) s) rj < 

ie, is the solution of the ODE 

f + vf = o, /(0) = 0, /(0) = 1 

Since g(s) has a second-order zero in s = while f v (s) has a first-order zero, 

we find -§- =0. 

h \ s =0 

Now set d := g'f v - g f' n , so that (j-)' = -p. 
Notice that cZ(0) = and that 

d'(s)=g"f 11 -gf^ = (g" + r ] g)f v <0^f 11 >0 

Assume 77 < 0. Then > 44> s > 0, so d < for these s. This shows that 
(£)' < 0, so < 0. 

The case 77 > is similar. 

Step 2 Consider the solution 6(s) of the ODE 

ks) = \\R( S )\\-\\J(s)l 6(0) = 6(0) = 

We want to prove that \\J — ^4||(s) < 6(s). Clearly, it is enough to prove 
that, for all P unit parallel vector fields along 7, 

(J — A,P) — b <0 



28 



Notice that, setting (3 := (J — A, P) , j3 is C 2 and satisfies 

/3<||i?(a)||-||J(a)||, P(0) = $(0) = 

so that g(s) := (3 — b satisfies the hypothesis of step 1 with rj = 0. Thus 
/9(a) < b(s), for a > 0. 

Step 3 From step 2, we also get 

b < \\R(s)\\ • || J - A\\ + ||i?(a)|| • P(,)|| < \\R(s)\\ b(s) + ||fl( a )|| • \\A(s)\\ 

Using the fact that ||V|| is bounded and the uniformity of our estimate on 
||i?||, we find 

\\R(s)\\< C p 2 (x) (s<l) 

For simplicity, we will assume c < 1. 

Notice that, since b(s) > 0, b is non-negative for s > 0. Thus 

b < p 2 (x)b(s) + p 2 (x)\\A(s)\\ (0 < s < 1) 

Let a(s) be the solution to the ODE 

fi(s) = p 2 (x)a(s) + /9 2 (x)p(s)|| a(0) = d(0) = 

Then g(s) := b — a satisfies the hypothesis of step 1 with r] = —p 2 , so 
6(a) < a(a) and || J — A||(a) < a(a), for < a < 1. 

Step 4 Notice that -A(s) = Z[x,y] + aV^F[x,y] where Z[x,y] and 
V^y[x,y] are defined along 7 by parallel transport. 

To finish the proof, we now need to estimate a(a). 

Notice that a is C 2 and is defined on some maximal interval (a, (3). 

Since a(0) = /9 2 (x) • \\Z\\ > 0, d(s) is positive on some maximal connected 
interval (0, S). 

Assume S < (3; in particular, this implies a{$) = 0. When s G (0,5), a 
is monotone so a(s) > and d(a) > 0. Thus d(a) is non-decreasing, which 
contradicts a(8) = 0. 

This shows that S = (3, i.e. d(a) and a(a) are positive for all < s < (3. 

By hypothesis (and using ||VzV|| = O(x)), a < c(p 2 a + p 2 + sp 2 x). Thus 

2dd < 2cp 2 aa + 2cp 2 a + 2cp 2 xsa 
Integrating in ds, we find 

OOO o o 0/ 

d < cp a + 2cp a + 2c/9 xaa — 2c/> x ads 



29 



By definition, —cp 2 a < —a + cp 2 + cp 2 xs, so 

—2cp x I ads < —2xa + 2cp xs + cp x s 

Applying this above and using c < c 2 , p < x, we find 

a 2 < c 2 p 2 a 2 + 2cp 2 a + 2c 2 p 2 xsa — 2xa + 2cp 2 xs + c 2 p 2 x 2 s 2 
(a + x) 2 < (cpa + cpxs) 2 + 2cpxa + 2cpx 2 s + x 2 
a + x < cpa + cpxs + x 

When s < 1, this shows that a < cpa + cpx so, using Gronwall's inequality, 

a(s) < cpxe cps < c\p(x)x (s < 1) 

In particular, a(s) is defined up to s = 1. 

□ 



6 Deformations of asymptotically conical SL sub- 
manifolds 

Let (X' ,g) be a fixed, 2n-dimensional, asymptotically conical manifold with 
a CY structure (g, J, u, £1 = a + if}) on its interior N := X' \ dX' . We will 
assume that uj G sc A 2 X',f} £ sc A n X'; all these conditions are, for example, 
verified by iV = C n with its standard structures. 
Let E be a manifold with ends. 

Definition 13 An "asymptotically conical special Lagrangian immersion" 
(AC SL) of S into N is a (smooth) b-immersion cp : X — ► X' such that 
cp\Y, is SL, where X is some compactification o/E. 

We refer to section [21 for examples of AC SL immersions. 

The goal of this section is to study the integrability of "infinitesimal SL 
deformations" of a given AC SL (£, cp); as we will see further on, these are 
the normal vector fields on E corresponding, via the isomorphism (TE)- 1 - ~ 
A 1 (E), to 1-forms i/onE such that (d© d* g )u = 0. 

Of course, it is important to specify "boundary conditions" for the al- 
lowed deformations. Using weighted Sobolev spaces, we will impose that our 
vector fields decay at infinity; i.e., we study deformations that "keep infinity 
fixed" . Notice that the results of section [5] show that such deformations 
automatically preserve the "AC" condition. 
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Theorem 2 Let (ft : E > AT be an AC SL immersion. Then, for large k, 
small e > and using the isometry A 1 (S) ~ TS 1 , i/ie se£ 

£>e/ SL (E,0) := {U G ar e fl^ (A 1 , sc) : expF o is SL} 

is smooth near the origin and has dimension dim /C*(E, = dim -ff 1 (S) + 
dim 7^ 1+e (E) — 1: it i/ius depends both on the topology of E and on i/ie 
analytic properties of the link of (E, 

Proof: To simplify the notation, we will identify E with its image in M, 
omitting the dependence on the fixed immersion (j). Consider the map 

F c :Ai(S) ~ A°(TS^) — > A^E) © C C °°(E) 

f ^ V" i ^ (expF)*W| E © *g[{expV)*(3\z] 

where exp is the exponential map of (N, g) and * g is the Hodge star operator 
of (S, 

Notice that, if V G x e H^(TTi ± , sc) and using lemma El 

= uj[expV](ei + V ei V + Q i (l),e j + V ej V + Qj{l)) 

where {e^} is a local orthonormal basis for (E, <t>*g)- 

Using Vu> = 0, u> G SC A 2 A"' and the fact that E is Lagrangian, the above 
terms may be examined one by one. For example: 

• uj[expV](ei,ej) = oj[p](ei,ej) = 

• oj[ex P V]( ei , V T e .V) = u\p}{e i: V T e .V) = 

. \u[ex P V]( ei yi.V)\ = \u\p]{ei,Vi.V)\ < \V^V\ 

• \L0[expV}(e i ,Q J (l))\=O(x 2 ) 

This proves that expV*u>\-£ G x e+1 L^(A 2 S, sc). 

More generally, one can prove that F c has an extension 

F : x e H^(A\sc) — ► x t+1 H^ 1 (A 2 , sc) © x^flJ-^E) 

We want to prove that i ?_1 (0) is smooth using the implicit function theorem. 
To be able to apply the Banach-space version of this theorem, it is sufficient 
to prove that dF[0] is surjective and has finite-dimensional kernel. 
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Notice that 




exp(tV)*uj\z = -£v^|e = (iv d + div)^\Y, = dv 



Linear algebra shows that * g ivP\Y, = ( — l) n thus, 



OX \ t — 



so that dF[0] = D g . It is thus Fredholm, as seen above. Surjectivity onto 
the whole space x e+1 H*' 1 (A 2 , sc) © x e+1 i^ _1 (£) is actually false, but the 
following steps show that we may restrict our map to a smaller range and 
obtain surjectivity. 

Step 1 Im(F c ) C Im(d c ) ®Im(d* c ), i.e.: 



3a G Aj(S) : (ex P V)*uJ ls = d c a, 3t G Aj(E) : * g [(exp V)*0p] = d* c T 



where d c , d* denote the restrictions of d, d* to A*. 

Proof: Extend V to a compactly-supported vector field on N. Then t i— > 
0t := exp(tV) is a 1-parameter group of diffeomorphisms and 



and can thus be proved as above. 

Step 2 Im{d) © Im{d*) = Im(D g ), i.e.: 

Va, /3 G x e H^(A 1 , sc) 3 7 G x'H^A 1 , sc) : da ® d* (3 = d~/ ® d*~/ 




If we set a := J 0*i\/^ds, it is thus clear that G K l c 
4>* uj \t, = d(o-\%), as claimed. 

The second claim may be restated as 



(S) and that 



3r G Ar^S) : (expV0*/?| S = d c r 
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Proof: Let 7 := a + df, for some / E It is enough to show 

that / can be determined so that d*(3 = d*a + d*df, i.e. d*((3 — a) = A g f. 
So, it is enough to show that 

Im(d* : x £ Hl;{A\sc) — ► x e+1 H*' 1 (E)) = Jm(A fl : x^H^ 1 — ► x 6+1 ^ _1 ) 

Notice that Im(d*) 5 Im(A. g ). Since e < n — 1, A 9 is surjective (on 
functions) so the above is necessarily true. 

Step 3 Im(-P) C Im(Dg) 

Proof: 

Im(.F) C Im(F c ) C Jm(d c ) © im(cZ*) C im(d) 7m(d*) = Im(D g ) = Im(D g ) 

The above proves that the restriction 

F : x € H%(h}-,sc) — ► /m(A,) 

is a well-defined map between Banach spaces, such that dF[0] has finite- 
dimensional kernel and is surjective. We may thus apply the implicit func- 
tion theorem, proving that -F -1 (0) is smooth near the origin and has dimen- 
sion dim JCl(Yl,(f)*g), which we calculated in section FOl 

□ 

Recall that each SL immersion expV o <p is, in particular, minimal; thus, 
standard regularity results prove that expV o<j) is smooth on S; i.e., expV o 
4> E C°°(E, N). Since exp is a diffeomorphism on normal vector fields, this 
also shows that V is smooth on E. 

Remarks: 

1. Given p £ S, recall from section |2] the isometries 

(a e r;s) ~ (iy e t p s) ~ (f e TpS^) 

The bundles T*S, TS over S have natural extensions to bundles 
SC T*X, SC TX over X. It is using this fact that we can define operators 
Diflf and spaces x s Hj; (A 1 , sc) , x s H£(TY>, sc). 
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Since g is not denned on dX, however, it is not clear, a priori, if 
TT, 1 - has an extension up to dX. On the other hand, the Lagrangian 
condition shows that TS -1 ~ TS; thus, up to this identification, 
SC TX provides an extension of TS- 1 , allowing us to define the spaces 
x s H£ (TH 1 - , sc) , used in the above proof. 

2. Let a G x e H^(A 1 , sc) for k large and e > 0. By the Sobolev embedding 
theorem, notice that a is C 1 on £ and that ||q|| = 0(x € ). Examining 
the formula for the induced metric on 1-forms shows, however, that 
this is not enough to ensure that a has a continuous extension up to 
dX; this corresponds to the fact that, in general, a G v* sc (X) does not 
extend up to dX. 

On the other hand, let W G x e H£(TT>, sc) be the corresponding tan- 
gent vector field. Then: 

• As above, W is C 1 on S. 

• If we write W = ad x + bid y i = -^z(x 2 d x ) + ^(xd y i), the fact 
||W||ac = 0(x e ) implies that J, -> 0, | 0. 

Thus admits a continuous extension to zero on <9X. 

• Notice that 

v ^ ^ = x(d x a)d x + xa + xa T 3 xx d yj + x(d x bj)d yj 

■ Y x xi d x + xh r j xi d yj 

The fact that ||V^ a W|| ac = 0(x e ) thus implies that d x a,d x bj 
have extensions to zero on dX. 

In a similar way we can prove that W has a C 1 extension to zero 
on dX. 

The same holds for the normal field V := JW. If we let vi^, v\, S c 
denote the C 1 analogues of 1/5, i/ sc , we thus find that W 6 ^i ;SC (X), 
^€^ )SC (X,X'). 

3. Although from a geometric point of view one is interested only in the 
smoothness over S of the SL deformations expVocfi, it is important to 
point out that, under compactification, these deformed submanifolds 
will not, in general, be smooth up to dX. This is a standard situation 
in b-geometry: b-ellipticity is not sufficient to ensure regularity up to 

ax. 
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One can however prove the existence of a certain asymptotic expansion 
of V at dX, i.e. "polyhomogeneity" in the sense of [Ml]. In our 
situation, this implies that expV o <f> £ C l (X\ X') f| C°°(E; N). In 
any case, the results of section apply to show that expV o <fi is (C 1 ) 
asymptotically conical. 

4. In this article we have given a purely metric characterization of the 
condition "asymptotically conical"; this has the advantage of allow- 
ing for fairly general ambient spaces. When (N,g) = (C n ,g s td) and 
the submanifold E is minimal (as in our case), our definition implies 
alternative, "set-approximating" definitions, as follows. 

Recall that the components of a minimal immersion are harmonic func- 
tions of (E, g). The results of section HTl thus apply to show that there 
exists a minimal cone, lying in C n , to which E "converges" , with speed 
o(r). When E is Lagrangian, the cone is SL. 

5. As mentioned in the introduction, the results of this paper are very 
close to those conjectured in [Jl], [J2] and proved in [M]. The main 
difference between this work and that of Joyce and Marshall is in the 
set-up of the problem: while we measure our deformations with respect 
to the given initial AC SL submanifold (this "intrinsic approach" works 
in any AC CY), Joyce prefers to postulate the existence of a SL cone, 
then measures the deformations of AC SL submanifolds with respect 
to that cone. This "extrinsic approach" works only in C™ (where 
cones can be defined); in this ambient space, their results could be 
reconstructed from ours, starting with the observation in remark 4 
(above) which (adopting the terminology of [Jl] and [J2]) basically 
states that, in C n , any AC SL submanifold is "weakly asymptotic" to 
some cone. 

As a final step, it is interesting to understand the dependence of the 
above construction on the weight e: in theory, changing the weight changes 
the class of allowed deformations and, thus, the dimension of the space of 
AC SL deformations. 

In particular, it is interesting to consider what happens with respect to 
the spaces xzHf*, corresponding to L 2 -decay of the deformations. As shown 
in the course of the proof of theorem to get a smooth structure dependent 
on this weight one would need an extension of F c to a map 

F : x^H*(A\sc) — > xf +1 H^-\A 2 , sc) x? +1 H^\E) 
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However, the existence of such an extension depends on the properties of exp. 
According to lemma the curvature R of N introduces a perturbation Q 
which depends on the rate of decay of if ||i?|| does not decay sufficiently 
fast (with respect to the weights in consideration), the above extension does 
not exist, because the perturbation is too big with respect to the weights. 

Consider, for example, the case (N,g) = (C n ,g s td)- In this case, in 
lemma EJ Q = and the extension exists. The whole proof of the theorem 
carries through as before, yielding a second, smaller, set of deformations. 

We can thus prove the following theorem, which actually holds for any 
(N, g) with sufficiently fast curvature decay. 

Theorem 3 If(N,g) = (C n ,g std ), the set 

2?e/j£(E, <t>) ■= {V G x*Hf! (A 1 , sc) : expV o <j> is SL} 

is a smooth submanifold ofDefsL^ify- 

It has dimension dim /Cn(S,0* g) = dim H^CE) and thus depends only 

2 

on the topology of S . 
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